
Es and(K)K-theory in solid-state physics

preliminaries completeness
- N

&
ef A c* dgebre is a Banach algebra (A .

11 . 11) endowed
--

withan antilinear involution x : A +A with the property

Natal = Hal (A)

eg
: complex numbers , Mn1K)= A with the operation norms

B(H) : = bounded operator on a Hilbert spece .

with composition
2 op. nonue.

Im (GNS) For any -dyebrad , I an isometic emb .

A = B(x) -

Any c
*-dy caube represented feithfully as operators

on some Hilbert space .

From now on H will be anuned to be separable

Thi (Gelfand)
-

let A be a commutative -ageble 18 A ,
Let [CA)

denote the Gelfand spectrum of A (space of characters

of A) .
the Gelfend transform is an isometic

isomorphism of A onto C(I(A))
.

q
cont . functions on E(A)

n 1 == 1 Hi

wis : Gelfand transfor

A- (([(A))
-

a + a : W + w(a) evaluation fetual

NB : Equivalence of categories .



Let 3= A a closed two-sided ideal in A .

A1I the quotient Barch elgeble with involution

induced from A is a Cagebra .

Im Cisomorphism thin) let A . B C* -egebles

I : A - B a A-homomorphism
.
Then

-
⑰(A) is a crbelyebre .

-

i : Alken)-B gives an isometric
somorphism

onto + (AT =B

caleuion let te bee sep . Hilbert space

B(H) = k(11) * egebre inclusion

Q(H) : = B(A)/K(H) is adled the Calkin algebra
-

0 - k(n) - B(H) - x(H) -> 0

-

52 . K-theory for Pagetores (the operator K- th)

homology theory in the category of * algebra

extending topologicaltheory (Attych-Hirzeburch)

operattheory is a functor Ra mociating to
--

every c
* -Algebra A two Abelian groups KiCA

i=-,1

functoriality : A +
B -homor .

ea : KAA- KaCB) hom .
of Ab .grPS

satisfying the following 3 properties

1) homotopy invonient :

Yup homotopy

- p*
= PA



i

2) half-exact 0 + 1 - E Ps A +0
i* PA

kx(I) - KalE -> ka(A)

is exact inthe middle

3) Rovita - inveiant/stable

let p be e rank + pro . In
KI2(IN))

A - ADK mdoces an isomorphism
at axP in K-theory

ko(K1 = 2
,
k-CK) = 303 (k* (pt))

ko(k(H) = 2 ,
k1)K = 303

op let A bea C-dyeble , every element in

RoCA ca be represented on Tp] -[4]

p , g one projections into some Mr (At with

P-q Mr(A) [for some re2) .

1 1e A => p. q caube
chosen in Mr(A)

(wegge-Olsen "Portrait of - thanmyl"

thetheory SA = (((0 , 1) , A) = Colo , 1eA

A - > SA is functorial

kn(A : =
Ko (SA)

Imaps Un : kn(A)- kn-1 (1) for as
exterior

0 - I + E +A- 0



Beerodicity There are natural isomorphisms

RACA) = K * (SA)

i

For any ext
. of 1+ELAt0 we have e

six-term exact requence

ko(2)

"

ko(E)
* K0(A)

wio ↓ 201

K: (A) - KICE) = K :(2)
L*

PA

example : K-theory groups of spheres
--

k=([(s4)) = kx (4)+kx)SK)

O ith = 1 (mod2)

-> kiCSK) = E I itn = 0 (mode)

ko(C2S2)= 22 Ki(([S2n)) = 203

k0(C(SM+)) = 2 ko(((S2+i)) = &

Lef : the non-trivial generator of KAlC(S)) wuch corresp .

to thegenerator of kxSK) is called the

Bott-element
.



↳3Itheory

let i be a Hilbot space .
A bounded operator

F
:

H - 4 is fredholm If

1) F has closed range

2) Ken(F) and Ker(FA) one f. dim . Space .

we devote by Fred H) the setof
fredholm operators .

Recall the Callin exterion
:

0 -> k(H) -> BIN)-- xIM) +O

Thm (Atkinson)
-

An operator F=B(H) Is Fredholm iff its image

9(F)e &(H) is invertible

#- BCH) Snedholm <=> invertible modolo compacts

Lef FC Fred(h) ·

Define

und (F) = dim(hen-dim(KenFa) - &

3 .
1 Fredholm indices & K-theory
- -

-

A - AXK

Recall a te a
Xp plank 1

-

kxA) - kx(AxK

&- k(e2 (IN))
prank one

2 t 2. P induces 1t0 m 4-theory

ko()=2 k(x) = 403

The map Tre : K0((H) -> & gues a well-def

isomorphism .

(direct limit of Try" : RolMn(KI) - & 7 "ThetraceDo marph"
--



0 - k(n)--B1H)-alH) - O

E : K-(Q(H)) - ko(k(x) = 2 1S the index
-

Det lat F beFindholm .
Set

-

[F] : = [aIF) (alFl*elI)"] = K.(a)

we refer to this [F]1 es the ke canof the

Fred
.Op I

2([F31) = <PhenI) - [phen FA] =ko(k(n)
-

tr (n(F)n) = dim(henF) -dim (ne FA)

->
Ind (F)

Colony
: Fo ,In Fred (n)
-

Ind(FoFr) = Ind /Fol+ Ind (Fr)

Ind (Fox) = - Ind(Fo)

invariance under homotopy For Fr => IndFo-Ind

Aboutthe kn can of F
- ~

3
laus let A be ec-dgebra , go , 81 Gln(A ~"E
-

St go n 91 -> Golgogo)-" 811851)

in Un(A)

Polon Decomposition let +e B(M) , There exists
a

-

unique pontia isometi V such that =
v(T4)

and Kerv = hat ,
her -

Ker+



Theorem Let F c Fred (H) . then
--

Ind(F) = trx - /[F] 1) .

W : boundary map K. (a) + ko(k)

Tra :

trace hom - kolk -> &

# (sketch)

polor decomp : F = S(F*F)
+"

for some pontid ison .

with hers-herF , her SX=KenF*.

Ind(F) = Ind (S)
+Hi

define q(F) = a(S) .(q(Fl*g(E)

91S) = e(F) (f/#*g(F)
-

= [F]1

an([F ,= [1-ses]-[1-SS4]
=[phers] - [phers]=

=[PkerF] => [pker F
*]

Trx(v(F),)= Ind (F) B

Proposition (Abstract
index thm)

- in P

let + 1 + + AT0 be an externion of CF elgebras .
E

Assume further that
E is represented an somet. Al

T= E - B(H) S.t . 1 = k()

Then an operator 3 = Mr (E) is Fredholm if and only

of PCT) is invertible in Mn(A)

In this are Ind(t)= trxc[p(+)] => 2

a
classof the ino. element inMn(A)



1 : 41CA) - ko(I) = ko(x)

tra : ko(K) -> X :

44 .
the Noether-Gobeng-krein index the-

4
.
1 the Toeplitz algebra & theext
-- --

S : ePN) -> eCIN)

S(10 ,
1,2.) = [0 , 60 , 11 or ... 7

If <en3n20
ONB for +ICIN) S : ent enti

St :(20 -! ,
12 ,

. . . . = [11 , 12 ..... 7

kerst= <to > Co : =
Vacuum vector

S is an isometry S*S= 1

SS*= 1-Phers* =

=
- 190tol

Forx, ye CIN) /x > 1 :
= Oxy lank oneop

Oxy(z) = x <y .
2)

Fix K= 1 ex : = S" to

Pr =
= lenc <en1 = sh. po . (S**

De : The Toeplitz eyebr + =
C
*CSI is the

smallest c
* -subely of BIR(IN)) At contains S .



leava k(eCIN)) & T as on idea .

-

If the motix units in Ble(IN)) eij=leixce; /

die in 2 because po
1

eis = s"ex< 01(5)
*)

-

=

=
S"(1-SS* (SY)

Since (e(IN)) are the dorne of finite rankop
. D

Goal : show that <(S1) = -/CL19(NI)
-

Fourier +st given (2(SU) = ex)
Fourier adyhis

I t (ErInt-

TheH.S .
(2(51) carries a faithful rep of (C81)

by multiplication operations

<(8) = & Mf : 2)s)

gr fig

the Hardy space
-

His1) = 41 (2/s) 1 In =
0 nxo 3

=eCIN)

Functions in (2(91) that extend hol
to the unit disk

the restrictionof theF.T gues aunit
is

+2 (87 =REA ·

NB : The operatin Ma ,
fe (Sr) does not preserve
- H2S .

Define P+ : ((51) -> H (S1) orth · projection

For f C(S) define the Toeplitt op with symbol o



If : P+ - Mf/ + (5) - H2(81)

Leave The map I re if defines a continuous
linea map

-

from (CS1) --cxCS) = e

Moreover ,
If = S* T S

Proof con be checked for f(z)= z" . B

-

Rik the map o re If is note
Achomon .

-

Actually therede no x-homon
(CS) + Y

-

that split I

0 - k = x
+ c(s)- 0

(The exeplite ext. does not split ! 3

p Let fe (CS1) such that If : H2- He

is invertible. Then 1(z) 0 FEES1

Mf : (2(51) ↑ invertible .

covollories · for all 1 - CCS1)
·

11Tf11= /IMf11
--

= Ifl

· inf 3 11Tf + K1 : REK(3= 11T6ll=11f11

· 1 .ge(s) , If . Ig-Tfg = k(H) .

Ihi there is a
short exact requence of CH-algebras

I
-

0 -
k(e(N) - 2 + ((S1)-0

E : Need to show /KIV(IN)) = <(Sr)
li

H2CS1)

We howthat It generates t sothe map is sunjective .

11 [Tf3/l = inf1exNTf + k11 = 1f1)



So it is isometric ex byecture # isomorphism

let f- C(S1)
,
amone I is non vanishing .

1 : S'- Se well-defined & continuous .

If

in(s1 = X my continuous map y
: Ste 81

k

is homotopl to h : 81ts1 hiz)= z ferwone
ke &-

bef f C(S1) nonvanishing ·

the winding number

of f is the mnigre integer w(f) fel which

w(f) whereI Nhomotopy
v

v : 2- z
If St - St

Thi : If &- C(S1) is non-vanishing-- The Explita
-

operator If with symbol 1 is Fredholm and

Ind (Tf) = - 0ff) .

-

~ topological inviont

analytical index
P1 : consequence of abstract index theoremfel the

-

requence
0 +Y(+) + e -

C(S1) - 0
>

Note : the winding number
wifl car be computed

purely topologically
: for instance if fo c(s)

=wist=
a



Rik there is a d-dimentional vention of the Toeplitz
-

extension : d = 1 (10)

Id

0 + k(H) - ed + <(S- )- O

Hel is the doure of
the space of polynomials

in o-commuting variables KTz . ... zd] in the norm

induced by (2 , z = 1 da
Ix!!

ad

with multi-index notation : z = 2 ...
Ed

for C=INd

c = 2! ... D

(1 = an + .... + (d

i = 1 ... d
Mzi : H2-Hel multiplication operators

The elgebore tal
is the Aweron-Toephth agebre

:

c*-debre generated by the d-shift (Man ... Rad) = Mz.

on the prory-Avedon (Hendy) Space Hd .

symmetric n-tensors(nom , polynomials a-
on ad-dim v.space)

of degree n
in a variables ↓ "compression

of the shift"

U :
He
=

Fsym((d) Si : Fym ((4) -> Frym((&)

19 5 ↳ Psym (eix3)

F((d) Seiz: onb of
d

S = (8... sall the commuting
d-shift

-

uMzU
*
= S

Ed : = cabalgebre of BlFsym/44)) gen by the comm. d shift

(S, ... Sal



E
Prop (Lesch-Upmeier)
--

An operator Ja Mn(Td) is fredholm <=>

Fdl(T) is muatible in Mn(CS20-1))

In that care

Ind (T)== -
&

bed-1 [Ta(T]

[HalT - K. (C(92%-1)) dass of Felt)

bed-1 : K ,
(C(9-1 -

Bott isomorphism

Index of a Joephtz up on Has weFo ares



of : Prodar-Schulz-Baldes

& 5 : The Su-Schrieffen-Hegger model
-

model from solid-state : conducting polymer (polyacettene)

lattice model with chind symmetry :

Let : A quantum system described bya Hamiltonian
H

on KIN & e(ed) is said to have chinal

symmetric if 5 on involutive unitary je1-
-

-H] = - H y*J= 12= 1

sucha system is said
to be in the chiral unitory dan

-

Cor type Al)

I has eigenvales-
I
, +l anumed to have equal

mutplicity
3 = (i)

=-H = (8
*

C
A operator on GNxe(2/d)

d=1
,

model : M = K*** +C
*

H = Ion+ ioernel + tlvrioennen

- more 1ne1

in : daity on Kn I id on C*)



u : exce) - excel right shift operator

vi : Park matrices (tr101)= 0 def(a)--1)

==(i ! ) or=9i :
"

I
5 = (8 -i)
I = e1ne 1 .

JH] = -H

I is the unitory operator implementing - chirall symmetry .

7 : e(x) - 5) 0

=H &* = dk HKS --
S1

ik

He :
= larioneeri Ili-icene
2

+ mOze Ine

erik_ im
in moteix soun

j I& IN

eik im -

rigenvales of H one

EI(k) = Iem2+ 1 - 2msin(k)

N fold degenerate follows fron chind symm.
jCsymmetri around zero . IntkIm =- He 7



NB : I digardines JK : =J* = * Sak In

Br
Ju =

53&1

-> o (ful = - o(Ha)
-

There is a central yep
sound theorigin :

1
= [-Eg , Eg] Eg = /Im)-1)

the Hamiltonian has a spectral gox
of Few

~Si

X : R -> R

functional cacolus PF = X(HE
↑

Fermi projection

IP=J = 1 - PF

so we ad consider
the band Hanittorial

R = 1 - 2P= = sign(H)

& abretisfies J&J = -Q

a
*
= 1 spectrum ?I13 infinitely degenerate .

child sym +
Q =

1



Q= I- U) so a witee

Up on&Ne
*

(2)

UF :

Fermi unitary
Rmk: the existence of afermi mitory is a feature

of china symmetric sopped Hamiltorious !

⑪

IRS
*
= Jakan au=(nin

enin&1
O

S1

an=(in)
a consider the landing number of

the Fermi citory

Ch
,
CUF) = i

(UrUn)

I
Si

in or Case
- N ma(-1 , 1)

Ch
,
lUFt= E- 0 m = [1 , 1

a
Bulk muoniant of thegrandstate of theHanitorian
--

iromant under small perforbation of thethmittorian .



5 Edge states & bulk-boundary corresp .

introduce on edge to the system by nextricting
to the Half space K2DK& e(IN)

# = I(r+ ion)e1naS + 1(vi-inelne St

- more 1x 1

S : e[N)- exIN) unilateral light shift

I : = 3x 1nx 1
-N

chindity operator

---

342 = -
H
= =(k) = -0(7)

We want to comider
invenients of the Half-space

Han,Homias.

of H

spectralgap
at zero :

=A

↓so J.t I a ,
!] = D

d
= Hilbert space generated bylook ot E
the eigennectors with eigenvales
I-d ,d]

d
S is invoviant under I

o stes2 =

boudony invenient by looking of NI = dimS
and considering N+ - N-



can be computed as a trace

tr (5Pr) = N + -N-

Pr = X (IE= 8)

Theorem (bulk-bourdany correspondence)
-

let i be the SSH Hamiltonian on
Chet(2) .

let It be its thalf-spece restriction -

If UF is the Fermi unitary anociated to it

with winding number as above (chlUH)(
then

ch(uF) = --(a))
e edge invoniaut

bulk invoviout

this equality reflects
an equality of K-theory

chares for a bulk-algebra &
an edgedgebre .

Relate this ferula to the
extention

0 - KCTIN)) -> T
-

CISt -0

& the Gaterm
exact requence in h-theory .



Recall
-

0 -
k(ex(IN)) -> Y -> <(5) -

0

deplete exterion => Notthen-Gobeng-krein index Ahm

If I eccsrl non-vanishing - If t B(H2)

is fredo t =- wift

Lecture SSH Hamiltonian (1-dim chiral lattice model)
--

H ,
defined I to be its half-space restriction .

Thi (bolk-edge corresp.)
-

Chr (4) =
- tr15P())

femilitary

plan : provide a t theoretic interpretation .

+ exterior to higher dim .

ev

0 -
k(e2In)) - & -> ((S1) -

0

↓
e[IN) = He

(*(S) unilateral shift

<(5) = c
+ /u lunt= 1 = yan)

ev : S-U

-gthe algebras-

K0(k)=
with generator po=

los 101

ko() = 2 Zwith generator the identity

ko(e(s) =
&

k, (k) = 203 ,

kilt) = 303

K. (C(511) = - generated by fath withmit winding
number



[P] = 1 in ko(k)

[p] = 0 in ko (2) SSY = 1- po

g-S= 1

12 1- p ane Morray-N
equiudent

=> save dan in
Ko

P = 21-T1-p] = 0

6 ten exact sequence induced by the Toephtz exterion

ko(x) -
kole) - k0(C(513)

I L
k, ((5117 <-ki(t) =k(k)

11
11

303 203

Ind iA
ea

0 -> k(C(S1)) -> ko(x) -
kole) -> ko(((s))->0

12 17
I R

2 - - ->
2- 0

⑳ -> 2 -
12

12

ker(ix) cokena)

↳ Rishfoured
lik -> e

I x io the
zew map

ix [p0] = 0

->
Ind : (((51))- kolk)

is a isomorphism



Tra : kolk) => Z trace homomorphism .

che(UF)= [P81Jo-IP-aM ·
I -

[UF] = K . (((81))
E kolk]

the equality follows from the fact that

Ind : K, /((81)) -> kolk) is on

isomorphisms in the come of the toeplitz extension .

- ⑧ ----

-



6
.

cromed products by 2 and Pimshe-Voiculescu

exact sequence

let a be are automorphism of a cegebre A .

< = Aut(A). -> Aut(A)

M 15 -N

Def Axe is the universal cadgebra generated
-

by A and by a unitary ↳ implementing the

automorphism ;
i . e .

M satisfies

-"(a) = un
- a .(u*)"

↓ ecA ,ne2 .

: Of R/Q ,
r : -

Aut(C(5))
_
exino

e(n) (fz) = fle - z)
to

↳

Ao = Cu ,
V und= 1-ven I uv = e vu S
V*=1

= VAV

Fact : The
crore product AXaY is the quotient

-

in the exterion

#0 +
Ack-e(A,) - AxY + D

TCA ,
c is the Pimsner-Voiculescu toephtz algebra .

let =
C2(S) the toephtz elyebre .

Then

-(A ,G is the -rbolyebre of (AxcH&T

generated by ax1 and ues

# mouces a k-theory 8 term exact requence



RoCACK) -> Kol2CAC) -> kolAxI

N "Ko(A) -> ko"(A) -> koCAYc4Y

I y
1 - xx 1*

I I1-x * k(A)
KICAX2 = K. (A)- KISA) Y

k: LAD2 < k(e(Ad)< K. (ARK--

~p(PV) c : A - 2(A,2) induces all

isomorphism of the lad of -theory Ki(A)= K. (e(A,d)
i= 0 ,

y
: A-AXx

KolA) -> Ko(A) -> ko(AYc4

- 1 - xA 1*

I I
1-x *

K:CAX2) = R. (A)- RICA)

A = K :
2= id Axx4 = c(81)

0 - k
- 2 - x(x)+ 0

6
.

2 PV in volid-state physics .

-

lat .

Prodan - Schutz-Baldes)

ce
_ dgebres he half space &

bulk obsewables fa

d dimensional syntens .

-

(*) 0 - Ed -> Ad - Ad -O
S I



X ↓

edge algebra bulk algebra

the Index map Implements the b-e. cou .

(A) to inomorphic to

o Ad-1 -e(dd- 9) - Ad-xxt0

a

bulk algebra
to the bulkalgebra ferd-1

X-

readl d= 1

0 + x + e -
x()- 0

it follows that Ki(Ed) = Ki(d) = Ki (Ad-1)

-

botk elgebra in
one

dim less .

pu exact requence ful computing the k-graps
1 - 2x I*

ko(Ad-1) - KolAd- -ko(Adx2

Md LuI
Kidd- x) KiCAd-13 -

Ki(Ad-1)

-



ind : K.(Dd-1xx) - ko(bd-1)

12 12

k(A1)- ko(2d)

we have constructed a map that relates a kn-invariant

of the bulk elyebre (cor of a unitary) to a ko

invoniant of the edge elgebl (clam ofa projection) .

Rik when o increases the six term exact sequence
-

becomes less trivial

d= 2 Ad-1 = <251) ko(C48111 = &

k . (((51))= 2

Corodlony 20- 1

(d) = ky(3d+1) = 2) = 0
.
1 .


